EIGENVALUE GAP THEOREMS FOR A CLASS OF 
NONSYMMETRIC ELLIPTIC OPERATORS ON CONVEX DOMAINS 



JON WOLFSON 



0. Introduction 

In the remarkable paper [AC] Andrews and Clutterbuck solve the "gap conjecture" , that 
is, they show that the difference between the first and second eigenvalues of the laplacian 

o 2 

with convex potential on a convex domain in euclidean space is at least Here D 

is the diameter of the domain. Somewhat later, Lei Ni [Nl] reformulated and expanded 
some of the techniques introduced in [AC]. Taken together, these papers suggest a general 
approach to estimating the eigenvalue gap of a large class of linear second-order elliptic 
operators on convex domains. In this paper we illustrate how this approach may work by 
estimating the eigenvalue gap of a class of nonsymmetric linear elliptic operators. 

Let f2 be a strictly convex open domain in euclidean space with smooth boundary. The 
operators L we consider have the form: 

Lu^ Au- B -Vu-cu (0.1) 

where u is a function on f2, A is the euclidean laplacian, _B is a C"* vector valued 
function on Cl and c is a scalar function on Cl. Let /? denote the one- form dual to B. 
We will require that, for all s G fi, there is a constant K such that: 

\dl3{x)\ < Kdist{x, do.). (0.2) 

Note that this condition is satisfied if, for example, B has compact support in Q or if 
B — \/(j> for a C* function cj> on Q,. We consider the eigenvalue problem: 

Lu — —Xu, 

where u satisfies Dirichlet boundary conditions. Since L is not symmetric the eigenvalues 
and eigenfunctions need not be real. However the principal eigenvalue Ao is real with 
eigenfunction uq that is positive on fi, vanishes on the boundary and satisfies |Vuo| 7^ 
on the boundary. It is also known that for any other eigenvalue A, Re(A) > Ao [N2]. We 
will show that the gap Re(A) — Ao can be bounded below by a positive constant a that 
depends on the coefficients B and c and on uq. The constant a is the eigenvalue gap of 
an associated regular Sturm-Liouville problem on the interval [— -j, -y]: 

w" (s) + a\s\w[s) = —iiw{s) 

with w{—y) = ™(t) ~ ^ where ct is a constant depending on B and c and on uq. We 
note that the spectral gap of a regular Sturm-Liouville problem on an interval is relatively 
easy to estimate. 

In [AC] the eigenvalue gap is bounded below by the eigenvalue gap of the regular 
Sturm-Liouville problem on the interval [— -j, -j]: 

w" + \w — 0. 

with w{—y) = '"'(t) ~ ^uch of the work in [AC] is the determination that this is the 
associated Sturm-Liouville problem, where associated Sturm-Liouville problem has a precise 
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technical meaning described in the next section. In this paper the associated Sturm- 
LiouviUe problem is not obviously related to the operator L and is somewhat arbitrary. 
However the associated Sturm-Liouville problem must satisfy a number of conditions and 
it is these that are used to determine the particular problem. 

The main theorem is: 

Theorem 0.1. Let Q be a bounded connected strictly convex open domain in R" with 

smooth boundary dQ of diameter D. Suppose that the operator (0.1) has coefficients 6* 
and c that satisfy c > and (0.2). Consider the eigenvalue problem for L on Q,: 

Lu = —Am, 

where u satisfies Dirichlet boundary conditions. Let Ao be the principal eigenvalue with 
eigenfunction uo and A be any other eigenvalue. Then there is a constant cr > depending 
on ||&^||c2(fi). W^b^Wc^m, I|c||c2(n), K and on uo such that: 

Re (A) - Ao > ^(/ui - /Uo) > 

where fio < ni are the first two eigenvalues of the Sturm-Liouville problem on [—§■, 

w"{s) + a\s\w{s) = — /L(w(s) 

withw{-f) = w(f ) = 0. 

The precise nature of the dependence of a on the geometry of mo will be described in 
a later section. 

An immediate consequence of our results arc the following two applications to the 
Bakry-Emery Laplacian. Recall that for a function cj) the Bakry-Emery Laplacian is 
given by 

= A- V0- V. 

Consider the operator L: 

Lu = A^M — CM. 

The Bakry-Erncry Laplacian is formally symmetric with respect to the weighed volume 
form e~^dv. Therefore the eigenvalue problem: 

Lu = — Am, 

with Dirichlet boundary conditions is has real eigenvalues Aq < Ai < A2 < . . . and real 
eigenfunctions [E]. The operator L is of the form (0.1) with B = V0. Therefore ,5 = d(j) and 
thus (0.2) is trivially satisfied. Theorem 0.1 remains true but the constant a now depends 
only on ||0||c*(n) and ||c||c72(n) and, in particular, is independent of the geometry of mo. 

Wo say a function c is 4>-convex if the function c— ^A<j> + j\\74>\'^ — c— ^Ai^<f> is convex 
in the usual sense. Note that if c is convex, in the usual sense, and A 1^0 is concave, in 
the usual sense, then c is ^-convex. We show: 

Theorem 0.2. If <p is any function and c is (p-convex then the spectral gap for the 
operator A^ — c on a convex domain Q satisfies: 

A A > 
Ai - Ao > 

In the case that is a constant this is the result of [AC] . 

We are indebted to Lei Ni for introducing us both to his work [Nl] and to [AC] and for 
interesting discussions. In particular, he pointed out that the gap problem for nonsym- 
metric elliptic operators. 
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1. The Method of Andrews-Clutterbuck 

Suppose that is a strictly convex domain in R" and X is a vector field on Q. A 
function U!{s) : R+ — R is called a modulus of expansion for X if for x,y € il, x ^ y 

A function 77 : R+ — >■ R is called a modulus of continuity for a complex or real valued 
function / on f2 if for al\ x,y € Q 

|/(j/)-/WI< 277(1^""^'^ 



2 ' 

An important result of Andrews-Clutterbuck unifyng these two concepts in proved in 

[AC]: 

Theorem 1.1. Let C K" be a strictly convex domain with smooth boundary and with 
diameter D. Let Y{x,t) be a real valued vector field. Let z{x,t) be a smooth, possibly 
complex valued, solution of 

^z = Az-2Y-Vz. (1.1) 
at 

with Neumann boundary condition. Suppose that: 

(1) Y{-,t) has modulus of expansion u){- , t) for each t > 0, where u){s, t) : [0, -j] xR+ — > 
R is smooth. 

(2) z{-,0) has modulus of continuity (po, where (po{s) : [0, -j] — >■ R is smooth with 
<fio{0) = and <fi'o{s) > on [0, f ]. 

(3) ifi(s, t) : [0, f ] X R+ ^- R satisfies: 

(a) (^(s,0) = (^o(s) on [0, f ] 

(b) ^>>fi" - on [0, f ] X R+ 

(c) if'is^t) > on [0, f ] X R+ 

(d) (p(0, t) > for each t > 0. 

Then if z{x,t) is real valued, ¥'(s,t) is a modulus of continuity of z{x,t). If z{x,t) is 
complex valued, 2(p(s,t) is a modulus of continuity of z{x,t). 

Proof, The real case of this theorem is taken directly from [AC]. The case in which z{x,t) 
is complex valued is needed in this paper and follows from the real case as follows; Since 
Y{x,t) is real valued, both Yic{z) and Im(2:) satisfy (1.1). Applying the real case to both 
Re(«) and Im(«) implies that each has modulus of continuity ifi{s,t). The complex case 
follows. □ 

We next outline the method of Andrews-Clutterbuck. Let f2 C R" be a strictly con- 
vex domain with smooth boundary and with diameter D. Let L be the linear, elliptic, 
symmetric positive operator on scalar functions; 

L{u) = Au- cu, (1.2) 

on n where Am = X)"^! ''^^i^i ^ C°°(f2) is a non-uegative function. Let < Ao < 

Ai < . . . be the eigenvalues and uo ,ui,... the corresponding eigenfunctions for Dirichlet 
boundary conditions. Using that tio > on f2 it can be shown that there is a vector field 
Y so that the function 

z(x,t) = — T—. — 
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satisfies the heat equation with drift (1.1) with Neumann boundary condition. The vector 
field Y is the drift velocity. Suppose that Y has modulus of expansion uj{-,t) for each 
t > 0, where w(s,t) : [0, f ] x R+ ^ R is smooth. 

On the interval [— -j, -j] consider the linear second order differential operator L{w) = 
w" — cw where c is a smooth function on [— "j, -^J. Consider the Sturm-Liouville problem: 

L(w) = —jiw (1.3) 
with eigenvalues < /Uo < Mi ^ • • • and corresponding eigenfunctions wo, wi, . . . . Set 



-Mot 



Wo 



for s € [0, f ] and t > 0. Then 



^=V>"- 2lo^' on [0, ^] X E+ (1.4) 

Here the function Q{s, t) is also called the drift velocity. It is not difficult to verify by 
direct computation that: 

(I) = -(logwo)', (1.5) 

where wo is the first eigenfunction of (1.3). Suppose that the operators L and L satisfy 
the condition that the potential function c is even and that the potential function c is 
more convex then c in the sense that for any x y in Q: 

(Vc(2/) - Vc{x)) . > 2c'(^^). (1.6) 

Under this assumption [AC] prove that: 

(1) Cj = u) 

(2) >fi'{s,t) > on [0,f] X K+ 

(3) (p(0, t)>Q for each t > 0. 

By Theorem 1.1, (p{s,t) is a modulus of continuity of z{x,t). Hence, for each t>0 

osc z{; t)<2 sup {ip{s, t):se [0, ^]}. 
EYom this they derive that there is a constant C such that for each t >0 

Wo 



Hence, 

Ai - Ao > Ml - Mo- (1-7) 

In this paper we will employ a variation of this argument. As above let be a bounded 

connected strictly convex open domain in R" with smooth boundary dfl. Consider the 
uniformly elliptic operator: 



Lu — Uxi-x^ — b''Ux 



cu. 

i=l i=l 

with 

\dl3{x)\ < A"dist(a;,9n), 

where /3 is the one form dual to {tP). For Dirichlet boundary conditions let Ao be the 
principal eigenvalue with corresponding eigenfunction mo and let A G C be any other 
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eigenvalue with eigenfunction u. We will show that there is a vector field Y so that the 
function 

Z{x,t) = r— 

satisfies the heat equation with drift (1.1) with Neumann boundary condition. Moreover 
Y has modulus of expansion co{-,t) for each t > 0. 

We next consider the Sturm-Liouville problem on [— -j, "j]: 

w"{s) + a\s\w{s) = — //w(s) (1.8) 

with w(— -j) — w{y) = 0. Let /io < j-ii be the first two eigenvalues with corresponding 
eigenfunctions wo and wi . We show that for suitable choice of a and a scaling factor r; > i 

the functions e~^°'^ *wo and e~^'^^ *wi can be used to define a function if on [0, y] ^ ^+ 
such that: 

dip ^ „ „ / 

on [0, -j] X K+, where lo is the modulus of expansion of Y. The other conditions needed 
for Theorem 1.1 can also be verified for this choice of ip. The argument proceeds as in 
[AC] to conclude that: 

Re (A) - Ao > n'^il^i ~ Mo) > 3(^1 - Mo) > (1.9) 

We will call the Sturm-Liouville problem (1.8) an associated Sturm- Ltouville problem for L. 
The difference — can be computed (or estimated) by applying ode techniques to the 
associated Sturm-Liouville problem, thus providing a lower bound on the eigenvalue gap 
of the operator L. In the case that the one-dimensional limit of the operator L coincides 
with an associated Sturm-Liouville problem the lower bound (1.9) is sharp. 

Using our nomenclature the regular Sturm-Liouville problem on the interval [— -j, -j]: 

w" + Xw = 0. 

with w{—^) = w(-j) = is an associated Sturm-Liouville problem for (1.2) under the 
condition that c is convex. This is the technical meaning of "associated" referred to in 
the introduction. 



2. The gap theorem for nonsymmetric elliptic operators 

Let f2 be a bounded connected strictly convex open domain in E" with smooth bound- 
ary dil. Assume that 6* £ C^(f2) and that c € C^{Q) and consider the uniformly elliptic 
operator: 

n n 

Lu = ^ tJ-xiXi — ^ b'^Uxi — cu. (2.1) 

Consider the one-form p = X]"=i V'dxi dual to the vector field ^^^^ suppose 

that there is a constant K > Q such that: 

\dP{x)\ < Kd\st{x,dQ), (2.2) 

for all e f7. Wc will, throughout this paper, assume that the coefficients of L satisfy 
(2.2). Note that we can add a constant to the operator L without changing the spectral 
gap of L. Therefore we can, without loss of generality, assume that c > on n. The 
operator L is not symmetric and the eigenvalues for Dirichlct boundary conditions may 
not all be real. However the following theorem quoted from [E] shows that, in part, the 
situation resembles the symmetric case. 

Theorem 2.1. (1) The principle eigenvalue Ao of L onQ, with zero boundary condi- 
tions is real and simple. 
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(2) If X £ C is any other eigenvalue of L then 

Re\> \o 

(3) The eigenf unction uo corresponding to Ao is positive in n. 

Recently Lei Ni [N2] has improved this result showing that if A £ C is any other 
eigenvalue of L then the strict inequality Re A > Ao holds. 

We will prove the gap theorem Theorem 0.1 for the eigenvalues of the operator (2.1). 
We begin with the following proposition. 

Proposition 2.2. Let Q be a bounded connected strictly convex open domain in R" with 
smooth boundary d^l. Suppose that Ao is the principal eigenvalue of the operator (2.1) 
with eigenfunction uo- Then, there is a constant k such that: 

supl^^^^|d/3(a;)| <K. (2.3) 

Proof. The principal eigenfunction mo satisfies wo > on f2, woigf, = 0, and ^^^^^ < 0. 
There is a constant ^4 > such that: 

McHn) < A (2.4) 

Set fig = {x £ : uo{x) > S}. Since |Vwo| > on dO,, there exist constants ^o > and 
Jo > such that on n \ ftgo ■ 

IVwol > ^0- (2.5) 

It follows that all the critical points of wo occur in ^Ig^. Set a = minn^^ wo- Then for 
X € ilsg we have: 

\^^mx)\<^KD, 

where D = diam(f2). Choosing So smaller, if necessary, we can suppose that the line 7 
joining x € to its nearest boundary point y lies entirely in f2\f25(,. Parameterizing 7 

by its arc length with 7(0) = y and f{£) = xwe can also suppose that — Vmo(7(s)) •7'(s) > 
^ along 7. Thus, 

uo{x) = uo{x) - uo{y) = J -Vmo(7(s)) • 7'(s)rfs > 

where £ is the length of 7. Hence for a; £ n \ ^Isg we have: 

TT"^ '^^w - -z-rdist(a;,an) < 

uo{x) 9o£ 9o 

The result follows. □ 



The dependence of the constant k on the geometry of mo can be described as follows: 

Denote the set of critical points of uq in the interior of Q by 5. Set = i inixes uo{x). 
Using the notation of the proof, we have that inf2.gn\n^^ |VMo(a;)| = 9o > 0. Then k 
depends on 5o,0o, |Vwo|ci(n) S'^d 
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The drift velocity of L. Let uo be the principal eigenfunction of L with eigenvalue Ao 
and set ua(x, t) = e^^'>^uo{x). Let u be any other eigenfunction with eigenvalue A and set 
Ui(x,t) = e^'^^u(x). The following proposition is adapted from [AC]. 

Proposition 2.3. Let Q. he a hounded strictly convex domain with smooth boundary in 
R" . Let Uo and wi be two smooth solutions of the parabolic equation: 

du 

— = L{u) on f2 X 1R+ 
u = on 90 X K+ 
with Uo is positive on the interior ofQ. Let z(x,t) = and 

y^(x) = -V.,(loguo)(x) + ^(x). 

Then z is smooth on Q x R+ and satisfies the Neumann heat equation with drift: 
Bz 

— = Az-2Y -Vz on QxR+ (2.6) 

V^z = on an X K+ (2.7) 

Proof. The proof is essentially given in [AC] Proposition 3.1 (or [Y] Lemma 1.1, [SWYYj 
Appendix A). Both uo and ui arc smooth on H x [0, oo) and uo has negative derivative in 
the direction of the inward pointing unit normal. By the argument of [SWYY] z extends 
to n as a smooth function and therefore ff, and V-? are smooth and bounded on Q. 
By direct computation: 

dz _ d .ui . 
di ~ d'Vu'o' 

= Az + (2V log U(, -B)-Vz (2.8) 

On 80., Vmo = -kv with fc > and mo = 0. Therefore by (2.8), V^z = 0. □ 
Y is called the drift velocity of z. 

Lemma 2.4. Set B = {V), = V^^^b' - V^,f/ and 

= V\c,B) = (V,^.c+ iV.^(|B|^) - \Ah>). 

Then 

AY = 2Vyy -Y -U -V (2.9) 
Proof. To begin we compute VyF. 

VyY = ^(-V:., logwo + 

i 

= logMO + ^)(-Vx, Va,i logwo + ^Vx,&') 

i 

= ^ ((Vaii logwo)(Vxj logwo) - — (Vx^ Vx- logwo) 

i 

- ^(V..logwo)Vx.6^ + (2.10) 

Also we will need: 

^VxjVxi logwo = (^^(VxiVxiWo) - (Vxj logwo)(Vxi logwo)) 



= ^ (&*Vx. logwo + c - Ao - (Vxi logwo)(Vxi logwo)) 
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Computing A(— V^,^ logMo) = — Va;j (A log uo) wc have, 

^-V^^(V^,V,,,logwo) = ^(- V^^6XVa.,logwo)-6'(Va,.V:,,log? 

i i 

- Va,,.C+2(Vx,.VxilogMo)(Va,ilogWo)) (2.11) 

Combining (2.10) and (2.11) we have: 

^-Vxj(Va,iVx« logwo) = 2Vyy + ^(Vxi«r' - Vxj6')(Vxilogwo) 

i i 

i 

= 2VyY + ^(V..6^' - Vx,.6')(Vx, logMo - |^) 

i 

- (V.,.6')|--Va,^c 

Therefore 

V 

AF = A(-Va,^logwo + -2-) 

= 2V^y - ^(V.,6^' - V.,6')y' - Jv.,(^6'6') - V.,c + A(^). 

□ 

Lemma 2.5. On Q, there is a constant A depending on k and on sup^- ||&^||oi(n) such 
that: 

sup|y(a;)||?7(a;)| < A. (2.12) 

Proof. This follows easily from Proposition 2.2. □ 
We suppose that there is a function r : R+ R such that on fl: 

(y(j/) - \/(x)) ■ f-^ > 2r(^-^) (2.13) 

^ ' \y- x\ 2 

Let tp{s) : [0, -j) — > R be a function which satisfies for each s £ [0, -j): 

V'(O) > 0, tp'{s) < (2.14) 

2A - 2r(s) + 21/)" (s) < -4ip'{s)^{s). (2.15) 



The following theorem is motivated by a similar result in [AC] and [Nl]. It is the first 
step in deriving a modulus of expansion for Y. 

Theorem 2.6. Suppose that Y satisfies (2.9) on O. Let ip be the function defined above. 
Then 

y — X r, I ( \y ^ X 



C(x,2/)=(y(y)-y(x)).|-^+2V 
can not attain a negative minimum in the interior of f2 



EIGENVALUE GAP THEOREMS 



9 



Proof. We argue by contradiction and assume that at (a;o,yo), C{x,y) attains a negative 
minimum. Clearly xo 7^ yo since C{x,x) > 0. Following [AC] and [Nl] we choose a local 
orthonormal frame at xo, denoted {ei, . . . , en}, with e„ = ^y^Z^li ^^'^ parallel translate 
this frame along the line interval joining xo to yo. Then at {xo, yo) we derive that: 

= ■^C{x + sei,y)\^^g for 1 < i < n — 1, 



= — C(x,2/ + se<)|^^o for 1 < i < n - 1, 

d 

= —C{x + sen,y)\,^o, 

= ^C{x,y + se„)\^^g, 

Let Si = ej e ej G T(^j,,j,„)R" x R" for 1 < i < n - 1 and S„ = e„ ® (-e„). Since C{x,y) 
attains its minimum at {xo,yo) we have: 

V|.B,C|, , > 0, for 1< i < n. 

Along the path {x + sei,y + sa) for 1 < i < n — 1 we note that y — a; is constant. Thus, 
computing as in [AC], we sec that at (2:0,1/0): 

< V|,s,C = {vl,,Y{y) - Vl,,Y{x)) ■ for 1 < i < n - 1. 

\y x\ 1^2.20) 

Along the path {x + se„, y — se„), -[^Efj is constant, -j^\y — x\ = —2 and -^{y — x\ = 0. 
Again, computing as in [AC], we derive that at (a;o,yo): 

< V|„B„C = {vl.„Y{y) - Vl„e„Y{x)) ■ ^-^ + 2^" (2.21) 

Using Lemma 2.4 we have that at {xo,yo)\ 

n 

^ V|,,,C = {AY{y) - AY{x)) ■ + 2^" 



= 2(Vy(,)y(j,) - Vy(.)Y{x)) ■ + ( - Y{y) ■ U{y) + Y{x) ■ U{x)) 



\y-x\ ' \y-x\ 



{V{y)-V{x))-^^+2r 
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As in [AC] and [Nl] note that at {xo,yo): 



i=l 

1 

,^ J2iY{y),ei){Y{y) - Y{x),ei) - V'F(y) • 

By Lemma 2.5: 



y- X 

b - a;| ' - v«v \y-x\ 

1=1 



I ( - Y{y) . U{y) + Y{x) ■ U{x)) ■ ^-^ | < 2A (2.22) 



Putting these inequalities together we have at {xo,yo)- 



Y^^^E.C < ^^^(Y{y)-Yix),e.f 
j=i j=i 

- 2^'{s){Y{y) - Y{x)) ■ + 2A - 2r{s) + 2ij"{s) 

\y - x\ 

< -2^'{s){Y{y) - Y{x)) ■ ^-^ - A^'isMs) 

\y x\ 

< -2i;'{s)C{x,y) 

< 

Here s = -1^^^. The second inequality uses (2.15). The conclusion contradicts the as- 
sumption that {xo, yo) is a minimum point of C{x, y). □ 



n-l 



Boundciry cisympotics of C{x,y). The next step in the derivation of a modulus of 
expansion of Y is to study the boundary behavior of the function C{x,y). This analysis 
is similar to that done in [Nl] and [AC], though we must modify the argument to our 
situation. In particular, unlike the situation in [Nl] and [AC] wc do not have available the 
log convexity of the first eigenfunction uq . We continue under the assumption that there 
is a function tp on [0, ^) that satisfies (2.14) and (2.15). Note first that ip{s) is not 
defined at s = -j- To rectify this, for fixed D' > D consider i/) to be a solution of (2.15) 
on [0, ■^). Then iji is uniformly continuous on [0, -j]. 
Set X = - V log Mo so that Y = X-\-\B. Then: 

Cix,y) = (Xiy) - Xix)) • ^ + i(5(,) - 5(.)) • ^ + 2^(^) 

Given e > we want to show that C{x,y) > — e on CI x Q. To begin we note that 
i(B(j/) - B{x)) ■ + 2iP0-^) > on the diagonal A = {{x,x) : x £ n}. Use the 
uniform continuity of ip on [0, -j] to find a neighborhood of the diagonal A,, = {{x,y) € 
n X n : |a; — j/| < 77} on which: 

The main work of this subsection involves the term [X{y) — X{x)^ ■ j|rf| • Here mq is the 
first eigenfunction of the operator L on Q with Dirichlet boundary conditions. It satisfies 
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Mo > on ft, Mo|as2 ~ 0' ^^'^ ^^\an ^ ^' ^ constant A> such that: 

l«o|c2(n) < ^ (2.24) 

A neighborhood of the diagonal must be treated separately. This is because on the 
diagonal {X{y) — X(x)^ ■ j|5f| = and therefore its behavior as x ^ dil differs from its 
behavior away from the diagonal. We require two results. Set iig = {x € O, : uo{x) > 5}. 
The first result states that for S and r] sufficiently small, if a, j/ e (O \ fl^) fl then 

Thus there is an ?7o < ?7 so that on A^q , {X{y) - X{x)) ■ 1^ > -f . The second result 
shows that for 5 sufficiently small, if x,y ^ {Cl\Qs) and |a; — 1/| > ?7o then [X{y) — X{x)^ ■ 
is large. In fact, on this set (^X{y) — X(a;)) • |^5fj — >■ oo as 5 0. 
To prove both results we study (^X{y) — X(x)'j ■ j^rrfj on S7 x il. Since |Vmo| > on 
dfl, there exist constants do > and S' > such that on 17 \ 0,^/ : 

|Vm(,| > 00 (2.25) 

By the implicit function theorem this implies that for each S < S' the set d^ls is a smooth 
hypersurface. By the convexity of f2 it follows that for 5' sufficiently small there is a 
constant 9i > such that for each S < S' the second fundamental form //(•, •) of the 
hypersurface dQg satisfies the inequality: 

//(■,■) >eiJ(.,.), (2.26) 

where /(•, •) is the metric on dQg. On d^ls the second fundamental form is given by: 

since dfls is a level set of uo- For use below we set Ci = ^ (9^57+"^) ^^'^ ^" ~ niin{5', 4^}. 

Lemma 2.7. There is a 6 < \5" and an rjo < rj such that for x,y £ (n \ ilg) Ci Arj^, 
X ^ y: 

(X(j/)-X(x)).|-^>0 

Proof. Choose 5 < ^5" and rio < ri such that for any two points x,y £ n^) n A^^, 
X ^ y, the line segment joining x to y lies in fi \ fi^// . Let 7(5) denote this line segment 
parameterized by arc length. Without loss of generality we can suppose that uo{x) < 
uo{y) < S. Set S = uo{x). Then, 

{X{y) - X{x)) ■ -^^^ = {X(7(s)),7'(3)>ir^' 

= £ f^{(X{^{s))n'{s)))ds 

= 'v'(-logMo)(7'(s),7'(s))rfs (2.28) 

Set 7'(s) = W. At each point 7(s), decompose W into a component, , tangent to 
T'-y(s)f2iio(7(s)) aiid a normal component VK""" with respect to the inward pointing normal 
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— We have: 

V\o(W",VK) = \/'^uoiW^,W'^) + 2V'^ui,{W^,W^) + V'^uo{W^,W^) 

< -\Vuo\II{W'',W^) + A\W^\\W-^\ + ^\W^\^ 

< -doei\w^\^+A\w^\\w^\ + ^\w^f 

In the last inequality we have used: 

A\w^\\w^\ = (9o9i)i\w^\-^\w^\ < ^{eoe,\w^f + ^\w^f) 

Since wo (x) = 5 < S, we let k be the integer such that 

2''5<5 < 2''+^5 < 5". 
For j = 1, . . . ,k + 1 set Sj — 2-' 5. Then for 5j-\ < uo < 5j wo have: 

V72 1 /TI/ TI 





V\o{W,W) 




IVnor , 


f 




uo 








< 




+ 












uo 


"0 


< 




+ 














Oj 


< 






25/' ' 





where the final inequality uses the definition of S" and that 5j < S" . Prom this inequality 
it follows immediately that: 

j V'(-logwo)(7'(s),7'(s))ds>0 (2.29) 

The result follows from (2.28). □ 



It follows from the lemma that there is an rji < 770 so that on A^,^, [X{y) — X(a;)) • 
I^Efj > -f • We next study {X{y) - X{x)) ■ ||5f| on f2 x \ A^^. We continue to 

use C'l — ^(g^ + ^) and 5" = mm{S' , but with the additional assumption that 

5" « vi- 

Lemma 2.8. For 6 < 5" sufficiently small and x,y € with \x — y\ > rji there are 

constants €2,03 independent of 5 such that: 

{X{y) - X{x)) ■ 1—^ >^-C3 
\y-x\ 6 

Proof. Using the strict convexity of d^l, choose S" « rji so that if x,y £ Q\ Qgn with 
|j/ — a;j > rji then the line segment 7(5) joining x to y intersects fi^//. Suppose S < 5" , 
X € 80,5 and y € O with |j/ — a;| > rji where we assume that v^{x) < wo(j/)- Let 7(5) be 
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the line segment joining x to y, parameterized by arc length. Divide 7(5) into two disjoint 
curves: 71 lying in f2 \ Sl^// and 72 lying in f2 j// . Then: 



{X{y)-X{x))-^L-^ = (X(7(s)),7'(s))|lf-^l 

\v-x\ 



Prom 



^((X(7(s)),7'(s)))a!s 

r-\y-x\ 

= / V^(-logMo)(7'(s),7'(s))rfs 

f f 

= I V^(-logwo)(7'(s);7'(s))rfs+ / V^(-logwo)(7'(s);7'(s))rfs 

(2.30) 

V log Wo < —. — 7- + 5^ 

MO WO^ 



and (2.24) we get the estimate: 

V^(-log«o)(7'(s),7'(«))ds > -(2^ + i^)^ (2.31) 

To estimate the other integral, set 7'(s) = W . At each point 7(5), decompose W into a 
component, , tangent to T^(s)n„Q(^(3)) and a normal component W'^ with respect to 
the inward pointing normal —v^^g). For the curve 71 lying in f2 \ we have, as in the 
proof of Lemma 2.7: 

V^uq{W,W) = V'^uoiW'^ ,W^) + 2V'^uo{W^ ,W^) + V'^uo{W^,W^) 
< Jj^\w^f + CAw^f 

For 5 < 5" let k be the integer such that 

2*^5 < 5" < 2''+^ 5. 

Set 5j = 2^5. For 5j-i < uo < 5j with j = 0, . . . , fc, we have, as in the proof of Lemma 
2.7: 

V^log«o(l^,l^) = VMW1W0_^|^X|. 

Wo w5 

< -^l^'l'-if^lW^'l' (2-32) 

We subdivide the curve 71 via the level sets of wo. Let sj be the first s satisfying wo(7(s)) — 
6j, for j = —1,0, . . . ,k. Let s' be the first s satisfying wo(7(s)) = 6". Then s' > Sk and 
we can write: 

fc-i 



/ V^(-logwo)(7'(s),7'(s))ds > V^(-logwo)(7'(s),7'(s))ds 

"'71 j^-i-l Sj 

+ / V^(-logwo)(7'(s),7'(s))cis 



> / V'(-logwo)(7'(s),7'(s))ds, 

1 ''S•f 
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where the last inequaUty follows from (2.29). Since |Vmo| < — it follows that Sj+i — Sj > 
Thus Sj+i > Similarly s' > ^. Hence \y ~ x\ > ^. Since Q is strictly 

convex, for 5 < 5" , if x G dfls, and j/ G n satisfy \y — x\ > ^ > then there exists a 
constant 02 > 0, depending only on 5' and the convexity of f2 such that: 

(-i/x,-r^> >6'2. (2.33) 
\y-x\' 

This estimate can also be written \W''~\ > 62- Therefore using (2.32): 



/ ■'^'v^(-log«o)(7'(s),7'(s))ds > |j(s,+i-.,)^ 

A— 1 S-f A— 1 



> 



J=-l 
r=-l 



J = -l 

Set C2 = and (^3 = + ■^)D then the estimates (2.31) and (2.34) imply: 

{X{y) - X{x)) ■ 1^ > ^ - (2.35) 

\y-x\ 6 

□ 



Theorem 2.9. OnQxQ: 

C(x,y)=(F(2/)-y(x)).|^+2V.(^^^) >0 

Proof. Given e > by Lemma 2.7 there is an r;i > such that C{x, y) > —e for x,y £ A^^ . 
By Lemma 2.8 there is a (5 > such that for x € \ ^Is) \ Ar,-^ and for any j/ G $1 \ A^^ , 
C{x,y) > 0. By Theorem 2.6 this implies that C{x,y) > —e for x,y £ fl. Since e is 
arbitrary this implies the result for defined on [0, -2-). Let D' ^ D to conclude the 
result for ip satisfying (2.14) and (2.15) on [0, f ). □ 

Under the assumption that there is a function ip on [0, -j) that satisfies (2.14) and 
(2.15), this result implies that —ip = w is a modulus of expansion of Y. 

Differential inequalities and a Sturm-Liouville problem. To apply Theorem 2.9 
we must find a solution to the differential inequalities (2.14) and (2.15). The inequality 
(2.15) becomes: 

2V/'(s) + 4'4}'{s)ip{s) + 2A- 2t(s) < (2.36) 
To proceed we consider two cases: 

(I) t{s) > 0. This is a "convexity" condition on the vector field V. In this case (2.36) 
follows from: 

2iP"{s)+4iP'{s)iIj{s) + 2A<0 (2.37) 

(II) In general, let 

A' = max ( sup — r(s),0) 
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and set A = A + A'. Then (2.36) follows from: 

2tl!"{s)+4ip'{s)tp{s) + 2A<0 (2.38) 

In both cases the inequality has the same form. We will set A = A and use the inequality: 
2ij"{s) + 4^'{s)^P{s) + 2A<0, on [0,f). (2.39) 

If g{s) is a continuous picccwisc diffcrcntiable function on [0, ^] such that g'{s) > A for 
s £ [0, -j] then this inequality follows from: 

^'{s) + ^{sf +g{s) = -iy, on [0, f ). (2.40) 

by differentiation, where v is an arbitrary constant. 
Make the substitution lo = —tp. Then (2.40) becomes: 

uj'{s)-cois)'-g{s)^u, on [0, f ). (2.41) 

This is a Riccati equation. We will show that this equation can be solved for suitable v 
with u)'{s) > for s e [0, §) and w(0) < 0. 

Let Fct(s) be the continuous piecewise differentiable function: 

(as if < s < ^, 
FM) = { (2.42) 
^ I if-f <s<0. ^ ' 

Consider the Sturm-Liouville eigenvalue problem on [— ^, -j]: 

w" + FaW = -iiw (2.43) 

with w(— -j) = w(-y) = 0. This is a regular Sturm-Liouville eigenvalue problem in 
normal form. It has an infinite sequence of real eigenvalues no < Hi < H2 < ■ ■ ■ with 
lining CX3 /i„ = oo. The eigenfunction Wn(s) belonging to the eigenvalue /Jn has exactly n 
zeros in the interval (— -j, -j) and is uniquely determined up to a constant factor [BR]. 
There is a scalar uo > such that the linear operator on smooth functions on [— -y, -j]: 

jC{w) = —w" — FaW 

is positive definite for cr < ao and is not positive definite for cr > cro. Therefore the first 
eigenvalue /io(o") is positive if ct < tro, zero il a = ao and negative otherwise. In all cases 
the corresponding eigenfunction wq is positive on (— -j, vanishes at the endpoints and 
satisfies: 

w'i = -{ho + F^{s))wQ (2.44) 
Using the variational characterization of the first eigenvalue it follows that: 

(i) — /io = — Ato(f) is an increasing function of cr, 

(ii) -^0 < 0--J- 

Since Fa is an even functiou, so is wo and therefore Wo(0) = 0. Thus wo satisfies the 
boundary value problem on [0, -y]- 



w"(s) + Fa{s)w{s) = -Howis) (2.45) 
w'(0) = 0,u'(f ) = 0. 



Proposition 2.10. As cr ^ oo, §. 

Proof. Set y{s) = woisa^i). Then, 

y"{s) = a~iwo{sa'i] 



a 3 ( — crscr 3wo(scr a)— /ioWo(scr 3)) 
-sy{s) - Hocr 3 2/(s). 
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Hence y is the first eigenfunction with eigenvalue —jxoa ^ of the boundary value problem 
on [0, f 0-4]: 

y"{s) + sy{s) = -iio<y~iy{s) (2.46) 
j/'(0) = 0, y(f(T4) = 0. 

Scaling we can suppose that y satisfies: J^^ y{sfds = 1. Set /3 = /ioc"'- Then l3 is 
characterized as the inflmum 



' = inf( [^'^ {{y'{s)f-s{yis)r)ds) 
Jo 



— o"^ 1 

over functions y satisfying J^'^ y(sfds = 1. Clearly /3 > — cr3-2. Qn the other hand 
define the test function: 

f ^/2sin7^(s- f ai) if fcr* - 1 < s < f a*, 
z{s) ={ ^ , (2.47) 



if < s < f 0-3 - 1. 



Then, 



and 



Hence, 



2 



2(S)^ 



{{Z'{s)f - S{z{s)f)ds = -f as + TT^ + i. 

Jo 



</3<-#a4+7r2 + i. 



2 ' 

_ 2 

Since /3 = noa 3 this implies, 

f -(7r^ + i)a-4<^<f. 
The result follows. □ 



Introduce the function 



wo(s) 2 



On [0, '^^■(s) satisfies the initial value problem: 

v'{s) + v{sf = -as- Ho (2.48) 
v(0) = 

Proposition 2.11. For each a > ao, there is a unique point so = so{a) € (0, -j) such 
that v'„(s()) = 0, Vct(s) > on (0, so) and v'a-{s) < on (so, y)- Moreover, as a oo, 
so(o-) 0. 

Proof. Differentiating (2.48) we have: 

v"{s) = —a — 2t;(s)t;'(s) 

Therefore every critical point of v in (0, -j) is a local maximum. Note that provided 
/xo < 0, ^'(0) > so that v is initially increasing and positive. On the other hand, since 
< -fiQ < a, by (2.44) there is an si G (0, -j) such that w"{s) < for s e (si, -j)- 
Thus on (si, -j), v'{s) = — { ^1^^^ )^ < 0. It follows that v has at least one local 

maximum point in (0, -2). Thus there is a unique critical point so € (0, -y) and it is a 
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local mclximum. Therefore v'is) > on [0, so) and v'{s) < on (so, f )• From (2.48) it 
follows at that the maximum point so: 

v{so)^ = —(TSo — Mo 

Set A = —Ho- Thus 

max v(s) = v(so) = -wX — aso < V\ 
[o,#] 

Let < a < Y- We will show that for a sufficiently large (depending on ^) the point 
So € (0, a). Suppose not. Then on [0,a), w'(s) > and v is strictly increasing. We deduce 
a contradiction by showing that then v{a) > maxj^ dj v{s). Let = to < ti < ■ ■ ■ < tn = a 
be a subdivision of [0, a] with U+i —ti = At. Denote v{ti) = Vi. We construct an iterative 
scheme that successively estimates Vi above and below. We denote the lower estimate Vi, 
the upper estimate Vi so that Vi < Vi < Vi. At to = set vo = vo = vo = 0. On the 
interval [to,ti] we have: 

—ati + X — Vi < v' < X. 

Hence, 

vi < XAt, 

so that, 

-ati + A - (AAt)^ <v' <X 

Therefore, 

I5i = AAt, 

vi = {-ati + X- {\Atf )At. 
Suppose that Vi and Vi are defined. Then on [ti,ti+i] we have: 

—ati+i + A — < v' < —ati + X — Vi. 

Hence we define: 

Si+i = {-ati + A - Vi)At + Vi, 
so that, Vi+i < Vi. Then on [ti,ti+i]: 

—ati+i + A — ((— crif + A — vf)At + 1),)^ < v' . 



Define, 

Thus since, 
we derive, 



Vi+l 



ati+i + A - {{-ati + A - vf)At + Vi) jAt + Vi 
Vi = {—ati-i + A — Vi_i)At + Vi-i 



Vi+i = {—ati+i+X — ^^)At + Vi mod(At)^, 

= {—ati+i + X — ij'^_i)At + Vi mod(At)^, 
= {—ati+i+X — i!^-2)At + Vi mod(At)^, 



= {-ati+i+X)At + Vi mod{Atf. 



v{a) >v„ = {-atn + X)At + {-at^-i + A)At H h AAt mod(At)^. 



Hence, 
Letting n — ^ oo we get 



r 

v{a) > —a I 
Jo 



tdt + Ao = ~'^~2 + 
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Recall that, 



Hence, 



v{a) < max v < v^A. 

lo.f] 

— cr— + Ao < \/A. 

Using Proposition 2.10 there is a scalar a\ such that '\ia>a\ then cr-2 < A < a^. Hence: 

, a -D, ^ rr Id 

a(-o"2 + '^"3"'' ^ + Aa < V A < W (7— 

Since a < -j we get, 

72 1 

< 7T^- 
£) 

Therefore, if, 

72 1 

o- > max(o-i, — — ) 
Da-' 

we have a contradiction, proving that, in this case, the maximum of v occurs in (0, a). □ 

In particular, there is a (72 > ao such that for all tr > 172 we have so{a) € (0, -2). 
Set: 

and note that for a > a2, rja > ^, independent of the choice of a. Let r] satisfy: 

Vt>V> ^ (2.49) 

We next explain how to use this Sturm-Liouville problem to solve (2.41). 
For s e [0, -2) and r? satisfying (2.49) set: 

_ _TJWo(jJS + So) 
Wo(??S + So) 

Set 

Fa{s) =ri^F^{r]s + so) 

Then 

oj [s) - ui [s) - Fa{s) = -r? — ) ■ ^ + Fa{r]s + so) 

\wo(-ns + So) 

= i — r~~ T (wo ('?« + so) + Fairjs + so)wo(r?s + so)) 

\^wo('?s + So) ^ ' 
= r;Vo (2.50) 
Hence if we chose v = tf'lJto then a;(s) satisfies (2.41) with g{s) = Fa{s). Since, 

^F,(s) = j?^F;(77S + so) = »?V 

Choose 

o- = max(a2,8A), (2.51) 
then g'{s) > A and (2.41) follows. Note that for s € [0, f ): 

w(s) = -r]v^{r]s + so) 

Therefore for s e [0, f ): 

aj'(s) = -■rfv'^{'qs + So) > 

Clearly, ai(0) = —riVa{so) < 0. It follows that V('S) = on [0, -j) satisfies the 

requirements of Theorem 2.6. 



EIGENVALUE GAP THEOREMS 



19 



Notice that if we choose the scahng factor rj satisfying Jja > > ^ then u){s) is defined 
on some interval [0, -2-) with D' > D. In particular uj{s) is defined on [0, ^l- This choice 
is used in the next subsection. 

Associated Sturm-Liouville problem. In this subsection we show that the Sturm- 
Liouville problem: 

£[w] = w" + Fa{s)w = -fj,w (2.52) 

with w{±y) = 0, where is defined above, is an associated Sturm-Liouville problem 
and thus yields a spectral gap result. 

The second eigcnfunction wi has a unique zero and because is even this zero occurs 
at the origin. After scaling we can assume that wo(s) > for s £ and wi{s) > 

for s € (0, §). 

Given any two smooth functions u,v on [—^, -j] the Lagrange identity is easily derived: 

u£[v] — vjChi] = -^(u{s)v'(s) — v{s)u'{s)). 
Set M = wi and v = wo, then the Lagrange identity yields: 

wi£[wo] — wo'Cfwi] = ^ (wiwo — wowi) . (2.53) 

By our scaling assumptions wiwo > 0. Since J wiwo = and wowi < on 

(— -^,0), it follows that wiwo > for every s > — -j. Integrating (2.53) from s to ^ 
we have: 

0<— (/uo— /Ui) / wowi = — (wi(s)wo(s) — wo(s)wi(s)), 

where we have used that wo(-j) = wi{^) = 0. Hence, for any s € {—§■, 

(wo(s)wi(s) — Wl {s)w'o{s)) > 0. (2.54) 
In particular, this implies that for s e (— y, ■^) we have: 

7-A^)(') = -^{s){wo{s)w[{s)-w^{s)wUs)) > (2.55) 



Set Pis,t) = l-:,Colly Denote §-^p{s,t) = p'{s,t). Then 
Lemma 2.12. For s € (-f , f ), 

— p(s,t) = -[fj,i -fj,o)p{s,t) = p {s,t) + 2 — -—p {s,t). 

Proof. This is a direct computation. □ 

To exploit the lemma, choose the scaling factor rj to satisfy rja > r/ > and the point 
so(cr) as defined above. Set: 

^(a, t) = Ce-^-^ --0^^'' v^iirjs + so) 
wo(r]s + so) 

where C is a constant to be determined. Note that since rj satisfies T]a > rj > i, Lp{s,t) is 
defined on some interval [0, ^) with D' > D. Hence fisjt) is defined on [0, ^-j. Recall 
that: oj{s) = — '^^^l^^s+so) " same computation as in the lemma we get: 

^=/'-2a;/ on [0, |] x R+, 
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Set 

,Wi{tis + So) 



(^o(s) = <fi{s,0) = C- 



woins + So) ' 

Since wo(so) > and wi(sa) > it follows that both <^o(0) > and <p(0, t) > for all 
t > 0. It is also true that i^'p{s,t) = Ce-(''i-™^''^*^(fJ)(77S + so) > for aU t > and 



D 
2 ■ 

We prove: 



0<s< f 



Theorem 2.13. Let Q be a strictly convex bounded domain with smooth boundary in R". 

Suppose the diameter ofQ is D. Then the gap between the first eigenvalue, Ao, and the real 
part of any other eigenvalue, X, of the linear elliptic operator L given by (2.1) satisfies: 

Rc(A) - Ao > - no) = a > 0, 

where a is a constant depending on A and hence on b',c,K. 

Proof. We derive the theorem from Theorem 1.1. Suppose that the eigenfunction corre- 
sponding to A is denoted u. Let z{x,t) = e~'^^~^°^^ uo(x) • ^® wish to conclude that for 
suitable constant C, f{s,t) is a modulus of continuity of z(x,t). 
The drift velocity Y[-,t) has modulus of expansion 

w(-,t) = = -(logwo(?7s + So))' = -(^^)(??s + So), 

Wo 

by Theorem 2.9. As shown above the function ip{s,t) satisfies the equation: 

^ >/'-2w/ on [0,^] xR+, 

Using (2.55) ■^^{■^{rjs + so)) > on [0, §■]. Therefore there exists a constant C such 
that j^{C^{ris + so)) is a modulus of continuity of z{x,0). Set 

¥P(s, t) = Ce-(''i-'"'^'''*(^)(r7S + so), 

Wo 

with this constant C. The hypotheses of Theorem 1.1 are satisfied and we conclude that 
2ifi{s,t) is a modulus of continuity of z{x,t). Thus, 

ujy) _ u{x) 
uo{y) uo{x) 

for some constant C and any t > 0. Therefore Re(A) — Ao > rf{fJ-i — Mo) > 3(^1 ~ l^o). □ 



,g-(A-Ao)t, 



< C'e-(^i-''°''''*(^)(r?^ +so), 

^Wo' 



3. Special case: The 0-Laplacian 

Let be a bounded domain in R" with smooth strictly convex boundary and let (j) and 
c be smooth functions of Cl. Consider the eigenvalue problem with Dirichlet boundary 
conditions on Q: 

Aw - V0 • Vw - cw = -Aw. (3.1) 

Introduce the i/i-Laplacian A<^ = A — V0 • V, also called the Bakry-Emery Laplacian, to 
rewrite (3.1) as: 

A^w — cu = —Aw. (3.2) 

with w = on dQ. The operator A^ — c is not L^-symmetric with respect to the eu- 
clidcan volume form dv however introducing the weighted volume form e^'^dv it is easy to 
show that this operator is symmetric with respect to the inner product with Dirichlet 
boundary conditions. Hence from elliptic theory [E] the eigenvalues of (3.1) are real. 
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Comparing with the eigenvalue problem L{u) = —Am with L as in (2.1) we have: 
Hence, 

=V^^b* -V^^b' =0. 

It follows that Proposition 2.2 is not needed and in Theorem 0.1 the parameter a depends 
only on ||0||c4(n) and ||c||c72(n) and does not depend on K or on the geometry of wo- 
Moreover, 

V = V,,c+ iV,,(|Bp) - iA6^ = V,, (c+ i|V<Ar - |A0) 

Definition 3.1. A function c is called ^-convex if the function c — ^A(p + ||V0|^ = 
c — I A 1 ^0 is convex in the usual sense. In particular, if 

In the notation of the previous section this is equivalent to r(s) = 0. 

Theorem 3.1. If (f) is any function and g is (t>-convex then an associated Sturm- 
Liouville problem to the eigenvalue problem (3.1) is: 

" I n 

w + iiw = 

on [—■§■, -j] with w(— -j) = w(-j) = 0. Hence the spectral gap for the operator — c on 
a convex domain Q. satisfies: 

Ai - Ao > 

In the case that ^ is a constant this is the result of [AC]. 



4. General remarks 

It is well known that, for example, the Schrodiiigicr operator with a double well poten- 
tial on does not satisfy a uniform non zero gap between the first and second eigenvalues. 
Harrell [H] gives a family of such operators with a separation R between the pairs of wells. 
As i? — > cx) the eigenvalue gap goes to zero. Of course, theses examples do not apply to a 
bounded domain. However, we note that the Sturm-Liouville problem used above (2.42) 
and (2.43) has the property that as a — >■ oo the eigenvalue gap of the the Sturm-Liouville 
problem goes to zero. This show that the method used here does not yield useful results 
without suitable bounds. It suggests, though does not prove, that as the constant A ^ oo 
the eigenvalue gap of the Dirichlct problem for the operator (2.1) also goes to zero. 

The Sturm-Liouville problem (2.42) and (2.43), while natural for the problem, is some- 
what arbitrary. It is not difficult to find other potential functions whose eigcnfunctions 
yield solutions to the differential inequalities (2.14) and (2.15). The choice of in (2.42) 
was made because, since Fa is even, the unique zero of the second eigenfunction W2 is at the 
origin. Control of the location of this zero is necessary to complete the proof. It is likely 
that other choices of potential functions can also determine associated Sturm-Liouville 
problems. Perhaps some of these problems give better spectral gap results. 



22 



JON WOLFSON 



References 

[AC] Andrews, B., and Clutterbuck, J., Proof of the fundamental gap conjecture, Journal AMS 24 

2011(899-916). 

[BR] Birkhoff, G., and Rota, G-C, Ordinary Differential Equations, 3rd edition, John Wiley and 

Sons, New York, (1978). 

[E] Evans, Lawrence, Partial Differential Equations, Graduate Studies in Math. Vol. 19, AMS (1998). 
[H] Barrel, Evans M., Double Wells, Commun. Math. Phys., T5, 1980 (239-261). 

[Nl] Ni, Lei., Estimates on the modulus of expansion for vector fields solving nonlinear equations, to 
appear in Jour. Math. Pure Appl. 

[N2] Ni, Lei., A Perron type theorem on the principal eigenvalue for nonsymmetric elliptic operators, 
preprint. 

[SWYY] Singer, I. M., Wong, Bun, Yau, Shing-Tung and Yau, Stephen S.-T. , An estimate of the gap 

of the first two eigenvalues in the Schrodinger operator, Ann. Scuola Norm. Sup. Pisa CI. Sci. 

(4) 12 (1985), no. 2, 319333. 
[Y] Yau, Shing-Tung, An estimate of the gap of the first two eigenvalues in the Schrodinger operator. 

Lectures on partial differential equations, New Stud. Adv. Math., vol. 2, Int. Press, Somerville, 

MA, 2003, 223235 

Department of Mathematics, Michigan State University, East Lansing, MI 48824 



